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I>rUbmnþedrIevénGnuKmn_gay² 
 GnuKmn_  edrIev 
!> ky   0'y   
@> nxy   1nxn'y   
#> 

x

1
y   

2x

1
'y   

$> xy   
x2

1
'y   

%> xey   xe'y   
^> xay   alna'y x  
&> xlny   

x

1
'y   

*> xsiny   xcosy   
(> xcosy   xsin'y   
!0> xtany   xtan1

xcos

1
'y 2

2
  

!!> xcoty   )xcot1(
xsin

1
'y 2

2
  

!@> xarcsiny   
2x1

1
'y


  

!#> xarccosy   
2x1

1
'y


  

!$> xarctany   
2x1

1
'y
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II>rUbmnþRKwHénedrIevénGnuKmn_ 
 GnuKmn_  edrIev 
 !> nuy    1nu'.u.n'y   
 @> uy   

u2

'u
'y   

 #> v.uy   u'vv'u'y   
 $> 

v

u
y   

2v

u'vv'u
'y


  

 %> ulny   
u

'u
'y   

 ^> usiny   ucos'.u'y   
 &> ucosy   usin'u'y   
 *> uey    ue'.u'y   
 (> utany   )utan1('u'y 2  
 !0> uarcsiny   

2u1

'u
'y


  

 !!> uarccosy   
2u1

'u
'y


  

 !@> uarctany   
2u1

'u
'y


  

 !#> Vuy   





 

u

'u
vuln'vu'y V  

 !$> uay   alna'y u  
 !%>  )x(fy    )x('f)x(''y   
 !^>  dx).x(fy  )x(f'y   
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II-GaMgetRkalminkMnt; 
 rUbmnþGaMgetRkalsMxan;²  
1>   cx.kdx.k  
2>  


  cx.

1n

1
dx.x 1nn  

3>   cxln
x

dx  
4>   c

x

1

x

dx
2

 
5> cx2

x

dx
  

6>   cxcosdx.xsin  
7>   cxsindx.xcos  
8>   cxtan

xcos

dx
2

 
9>   cxcot

xsin

dx
2

 
10>   cxcoslndx.xtan  
11>   cxsinlndx.xcot  
12>   cedx.e xx  
13>   c

aln

a
dx.a

x
x  

14>   caxcos.
a

1
dx.axsin  

15>   caxsin.
a

1
dx.axcos  

16> ce.
a

1
dx.e axax   

17>  


cbaxln.
a

1

bax

dx  
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18>  






c
ax

ax
ln.

a2

1

ax

dx
22

 
19>  







c
xa

xa
ln.

a2

1

xa

dx
22

 
20>  


c)

a

x
arctan(.

a

1

ax

dx
22

 
21> caxxln

ax

dx 22

22



  

22> caxxln
ax

dx 22

22



  

23>  


c)
a

x
arcsin(

xa

dx
22

 

rUbmnþRKwHénGaMgetRkalminkMnt; ³ 
1> c)x(Plndx.

)x(P

)x('P
  

2> c
)x(P

1
dx.

)x(P

)x('P
2

  

3> c)x(P2dx.
)x(P

)x('P
  

4> cedx).x('P.e )x(P)x(P   
5> c

1n

)x(P
dx).x('P).x(P

1n
n 






 
rUbmnþGaMgetRkaledayEpñk   dU.VV.UdV.U  
rUbmnþGaMgetRkalbþÚrGefr 
-ebIeKman dx).x(')].x([fI     tag )x(u  naM[ dx).x('du   
    eK)an   du.ufI  . 
-ebIeKman  dx).x(fI     tag )t(x   naM[ dt).t('dx   
   eK)an   dt).t(')].t([fI  . 
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rUbmnþGaMgetRkalepSg²  
1>  


  cu.

1n

1
du.u 1nn  

2> culn
u

du
  

3> cu2
u

du
  

4>   cedu.e uu  
5>   cucosdu.usin  
6>   cusindu.ucos  
7> c

aln

a
du.a

u
u   

III-GaMgetRkalkMnt; 
1-rUbmnþLibnic-jÚtun 
GaMgetRkalkMnt;BI a eTA b énGnuKmn_  xfy   Capldk    aFbF   . 
Edl  xF  CaRBImITIvén  xf  . eKkMnt;sresr ³ 
            aFbFdx.xf

b

a

b

a
xF   

2-lkçN³GaMgetRkalkMnt; 
 k>   0dx.xf

a

a

  
 x>     

b

a

a

b

dx.xfdx.xf  
 K>     

b

a

b

a

dx.xf.kdx.xf.k  
 X>           

b

a

b

a

b

a

dx.xgdx.xfdx.xgxf   
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 g>           
b

a

b

a

b

a

dx.xgdx.xfdx.xgxf  
 c>        

b

a

b

a

b

a

dt.tfdz.zfdx.xf  
3-rUbmnþbþÚrGefr 
-snμtfaeKman    

b

a

1dx.xfI  
ebIeKtag  tx   naMeGay  dt.t'dx   ehIycMeBaH  b,ax   
enaH  

21
t,tt  . 

dUcenH        dt.t'.tfdx.xfI
b

a

t

t

2

1

     
-snμtfaeKman       2dx.x'.xfI

b

a

   
ebIeKtag  xu   naMeGay  dx.x'du   
cMeBaH  b,ax  enaH     b,au   

eK)an       
 

 

du.ufdx.x'.xfI
b

a

b

a






  
4-rUbmnþKNnaGaMgetRkaledayEpñk 

    
b

a

b

a

b

a du.vv.udv.u  
5-KNnaRkLaépÞ 
k> RkLaépÞx½NÐedayExSekagtagGnuKmn_ nig Gk½SGab;sIus 
RkLaépÞx½NçedayExSekag    xfy:C   CamYyGk½SGab;sIus  ox'x nig  
bnÞat; ax   nig bx  kMnt;eday ³ 
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  )a(F)b(F)x(Fdx).x(fS b

a

b

a

   
 
 

x> RkLaépÞx½NÐedayExSekagBIr 
RkLaépÞx½NÐedayExSekag    xfy:C

1
  nig    xgy:C

2
   

elIcenøaH  b,a  EdlRKb;      xgxf:b,ax    
kMnt;eday 

    dx.xgxfS
b

a
   

 
 
6-KNnamaDsUlIdbrivtþn_ 
k> maDsUlItbrivtþn_kMnt;)anBIrrgVilRkLaépÞxNÐ½eday 
ExSekag   )x(fy:c   CMuvijGkS½Gab;sIuskñúgcenøaH  b,a  kMnt;eday ³ 

  dx.)x(fV
b

a

2   . 
x> maDsUlItbrivtþn_kMnt;)anBIrrgVilRkLaépÞxNÐ½edayExSekagBIr³ 
  )x(fy:c1   nig   )x(gy:c2  CMuvijGkS½Gab;sIuskñúgcenøaH  b,a kMnt;eday ³ 

 dx.)x(g)x(fV
b

a

22   Edl   





  b,ax,)x(g)x(f . 
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1-sBaØaNénGnuKmn_eRcInGefr  
 eKniyayfaTMhMGefr Z  CaGnuKmn_énBIrGefr yx ,  RbsinebIcMeBaHRKb; 
sMNMuéntémø ),( yx énEdnkMnt;Edl[ vaRtUvtémøkMnt;EtmYyKt;cMeBaH Z . 
Gefr yx ,  ehAfaGefr Independents . 
eKkMnt;sresr  ),( yxfZ    . 
]TahrN_ ! ³ cUrbBa¢ak;maD V   énekanmYyCaGnuKmn_énCenRt x  nigkaMfas 
)at y  . 
eyIgdwgfamaDrbs;ekanEdlmankMBs; h  nigkaMfas)at y kMnt;eday ³ 

hyV 2.
3

1   Et 22 yxh   
dUcenH 222

3

1
),( yxyyxfV    CaGnuKmn_manBIrGefr  . 

ebIeK[ cmycmx 8,10   enaHeK)an ³ 
 3222 1288108

3

1
)8,10( cmfV    . 

]TahrN_@ ³ RbelBIEb:tEkgEdlmanvimaRt zyx ,,  RtUvmanGgát;RTUgFM 
kMnt;eday  222),,( zyxzyxfd   CaGnuKmn_manbIGefr . 
ebI 6,3,2  zyx  enaH 73694)6,3,2(  fd  . 
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2-EdnkMnt;EdlmanénGnuKmn_   
 EdnkMnt;énGnuKmn_ ),( yxfZ   CasMNMuéncMnuc ),( yxM énbøg; XOY  
EdleFIV[GnuKmn_GackMnt;)an ¬mann½y¦ . 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 ]TahrN_ ³ cUrrkEdnkMnt;EdlmanénGnuKmn_   
224

1

yx
Z


  . 

GnKmn_GackMnt;)anRbsinebI 04 22  yx  b¤ 422  yx   
CasMNMucMnucxagkñúgrgVg;p©it 0 kaM 2R  . 
 

 
 
 
 
 
 
 
 
 
 

),( yxfZ   
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3-lIj nig épÞénnIv:Urbs;GnuKmn_   
 niymn½y ³ eKehA lIjénnIv:UénGnuKmn_ ),( yxfZ   KWCaRkab Cyxf ),(  

énbøg; XOY  . 
]TahrN_ ³ cUrsg; lIjénnIv:UénGnuKmn_ yxz 2  ? 
niymn½y ³ eKehAépÞénnIv:Urbs;GnuKmn_bIGefr ),,( zyxfU  KWCaépÞ 
kMnt;edaysmIkar Czyxf ),,(  . 
]TahrN_ ³ cUrsg; lIjénnIv:UénGnuKmn_ 422  zyxU  ? 
 

4-edrIevedayEpñkénGnuKmn_eRcInGefr   
 ]bmafaeKmanGnuKmn_manBIrGefrmYykMnt;Cab;kñúgEdn D  eday  

)z,y,x(fZ   
-ebI y  minERbRbYlenaH Z  køayCaGnuKmn_manmYyGefr x  . 
-ebI x  minERbRbYlenaH Z  køayCaGnuKmn_manmYyGefr y  . 
k> niymn½y ³ 
cMeBaH y  minERbRbYlenaH Z  køayCaGnuKmn_manmYyGefr x  ehIyebI Zman 
edrIeveFobnwg x  enaHedrIevenHeKehAfaedrIevedayEpñkrbs;GnuKmn_  

)y,x(fZ    . 
eFobnwg x  EdleKkMnt;sresr ³ 
                           

x

)y,x(f)y,xx(f
lim

x

Z
y,x'f'Z

0xxx 









 
dUcKñaEdreKman ³    

y

)y,x(f)yy,x(f
lim

y

Z
y,x'f'Z

0yyy 









   . 
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]TahrN_ ! ³ eK[GnuKmn_ 3223 7532),( yxyyxxyxfZ   . 
cUrKNnaedrIevedayEpñkénGnuKmn_enH ? 
eK)an 22 566' yxyx

x

Z
Z x 




  
nig     22 21103' yxyx

y

Z
Z y 




   . 

]TahrN_@ ³KNnaedrIevedayEpñkénGnuKmn_ ³  
xyz3zyx)z,y,x(fZ 333   

eK)an ³ xyz3z3'Z,xz3y3'Z,yz3x3'Z 2

z

2

y

2

x   . 
]TahrN_#  ³ eKmanGnuKmn_ )yxln()y,x(fZ 22   
cUrKNnaedrIevedayEpñkénGnuKmn_enH ? 
eK)an 

2222

22

y2222

22

x yx

y2

yx

)'yx(
'Z,

yx

x2

yx

)'yx(
'Z














   . 
]TahrN_$ ³ KNnaedrIevedayEpñkénGnuKmn_ 33 yxe)y,x(fZ   
eK)an 33333333 yx2yx33

y

yx2yx33

x ey3e)'yx('Z,ex3e)'yx('Z    . 
]TahrN_% ³ KNnaedrIevtamEpñkénGnuKmn_ ³ 

0z,0y,0x,zyxzyx)z,y,x(fZ zyxxzy   . 
eK)an  )xln1(zyxzlnzxy'Z zyxx1y

x    
          

)zln1(zyxxzylny'Z

)yln1(zyxzyxlnx'Z
zyx1xz

z

zyx1zy

y








 

5-DIepr:g;EsülénGnuKmn_mYy 
k> ]bmafaeKmanGnuKmn_ Dy,x,)y,x(fZ   manedrIevTImYy . 
DIepr:g;EsülsrubRtg;cMnuc )y,x(  kMnt;eday ³ 
  dy.

y

Z
dx.

x

Z
dZ








  . 
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]TahrN_ ³ rkDIepr:g;EsülsrubénGnuKmn_ 22 y3xy4xz   
eK)an dy).y6x4(dx).y4x2(dZ    . 
x> ]bmafaeKmanGnuKmn_ Dz,y,x,)z,y,x(fZ   manedrIevTImYy . 
DIepr:g;EsülsrubRtg;cMnuc )z,y,x(  kMnt;eday ³  

dz.
z

Z
dy.

y

Z
dx.

x

Z
dZ












  
]TahrN_ ³ rkDIepr:g;EsülsrubénGnuKmn_ ³ 

)z4y5x2ln()z,y,x(fZ 222   
eK)an dz

z4y5x2

z8
dy.

z4y5x2

y10
dx.

z4y5x2

x4
dZ

222222222 






   

6-edrIevedayEpñklMdab;TIBIr 
edrIevedayEpñklMdab;BIrrbs;GnuKmn_  y,xfZ    KWCaedrIev 
edayEpñkrbs;edrIevedayEpñklMdab;mYy.  
eKtagedrIevlMdab;TIBIreday ³ 
!>  

2

2

xx x

Z

x

Z

x
y,x''f

















  

@>  
2

2

yy y

Z

y

Z

y
y,x''f


















  

#>  
x.y

Z

x

Z

y
y,x''f

2

xy 















  

$>  
y.x

Z

y

Z

x
y,x''f

2

yx 
















  

]TahrN_ ³ eK[GnuKmn_ 3xy5yx2yx)y,x(fZ 2233   
cUrKNna  xyyyxx ''f,''f,''f  nig yx''f   ? 
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7-brmakmμénGnuKmn_eRcInGefr  
k> niymn½y ³ 
]bmafaeKmanGnuKmn_ )y,x(fZ    
-eKfaGnKmn_manGtibrimaRtg;cMnuc )y,x(M 00 luHRtaEtRKb;cMnuc  y,xM  
kñúgv½NsIuNaéncMnuc 0M eK)an ³    y,xfyxf 0,0  . 
- eKfaGnKmn_manGtibrimaRtg;cMnuc )y,x(M 00  luHRtaEtRKb;cMnuc  y,xM  
kñúgv½NsIuNaéncMnuc 0M eK)an ³    y,xfyxf 0,0  . 
x>rebobkMnt;brmaénGnuKmn¾manBIrefr ³ 
 ]bmafaeKmanGnuKmn¾  y,xfZ  EdlmanedrIev. 
edIm,IkMNt;rkbrimaénGnuKmn¾eKRtUv³ 
1-KNnaedrIevedayEpñkKW³    y,x'f,y,x'f yx  
2-edaHRsayRbB½n§smIkar³  

 






0y,x'f

0y,x'f

y

x  

     ]bmafaRbB½næmanKUcemøIy  00 y,x   
3-KNnabrimaN       y,x''fc,y,x''fb,y,x''fa yyxyxx   
4-KNnabrimaN 2bac   
 ebI 0a,0   enaHGnuKmn_ )y,x(fZ 00 manGb,brma . 
 ebI 0a,0   enaHGnuKmn_ )y,x(fZ 00 manGtibrma . 
 ebI 0  enaHGnuKmn_ )y,x(fZ 00 Kμanbrma . 
 ebI 0  minGacsnñidæan)an . 
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]TahrN¾³ eKeGayGnuKmn¾   34y6x6xy2y5x2y,xfZ 22   
rkbrimaénGnuKmn¾enH. 
-KNnaedrIev 6x2y10'Zand6y2x4'Z yx   
-edaHRsayRbBnæ½ 








06x2y10

06y2x4  

bnÞab;BIedaHRsayRbBn½æmanKUcemøIy  1y,2x   
-KNnabrimaN 2bac   
edayeKman  10''ZC,2''Zb,4''Za yyxyxx   
eK)an 036440   naM[GnuKmn_manGb,rmaRtg;  1,2M0  
témøGb,brmaenaHKW  25)1,2(fZmin    . 
8-edrIevénGnuKmn_kMb:UehS  
k> krNIGefreFobEtmYy ³ 
RbsinebI ),( yxfZ  CaGnuKmn_énGefr yx ,  Edl )(,)( tytx    
edrIevénGnuKmn_GacKNnatamrUbmnþ ³ 

dt

dy

y

Z

dt

dx

x

Z

dt

dZ
..








   . 

]TahrN_ ³ KNna  
dt

dZ  RbsinebI yxeZ 23   Edl 2,cos tytx   
x> krNIGefreFobeRcIn ³ 
RbsinebI ),( yxfZ  CaGnuKmn_énGefr yx ,  Edl  

),(,),( vuyvux    
edrIevénGnuKmn_eFobnig u nig vGacKNnatamrUbmnþ ³ 

u

y

y

Z

u

x

x

Z

u

Z


















..    nig  
v

y

y

Z

v

x

x

Z

v

Z


















..      
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]TahrN_! > cUrKNna 
u

Z


  nig 

v

Z


  ebI yxZ sinsin   

Edl vuyvux cossin,sincos   . 
]TahrN_@> cUrbgðajfaGnuKmn_ )( 22 yxZ   epÞógpÞat;smIkar ³ 

0







y

Z
x

x

Z
y   . 

9-edrIevkñúgTisEdl[ nig Rkadüg;énGnuKmn_mYy  
k> edrIevénGnuKmn_mYykñúgTisEdl[  
edrIevénGnuKmn_ ),( yxfZ   kñúgTisEdl[ 

 1PPl  kMnt;eday ³ 

PP

PfPf

l

Z
PP

1

1

0

)()(
lim

1








  Edl )(,)( 1 PfPf  CatémøénGnuKmn_enARtg; 

cMnuc 1P  nig P  . 
RbsinebI Z  CaGnuKmn_mYymanDIepr:g;Esül enaHeK)anrUbmnþ ³ 

 sincos
y

Z

x

Z

l

Z










   Edl   CamMurvagviucTr½ 

l  nigGkS½ OX . 

 
 
 
 
 
 
]TahrN_ ³ cUrKNnaedrIevénGnuKmn_ 22 32 yxZ   kñúgTismYykMnt; 
CamYyGkS½ OX  nigmMu 120  Rtg;cMnuc )0,1(P  . 
 
 

),( yxP  

),( 111 yxP  
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x> Rkadüg;énGnuKmn_mYy ³ 
eKehA Rkadüg;énGnuKmn_mYy ),( yxfZ   KWCaviucTr½EdlcMenalTaMgLay 
elIGkS½énkUGr½edaenCaedrIevedayEpñkRtUvKñarbs;GnuKmn_Edl[ . 
eKkMnt;sresr ³  








 j
y

Z
i

x

Z
Zgrad ..    . 

edrIevénGnuKmn_kñúgTisviucTr½ 

l  RtUvP¢ab;eTAnigRkadüg;énGnuKmn_enH 
tamrUbmnþ  Zdradproj

l

Z

l







    mann½yfakñúgTisedAEdl[ KWvaes μInwg 

cMenalEkgénRkadüg;elITisedAénedrIev . 
]TahrN_ ³ cUrKNna nig sg;Rkadüg;énGnuKmn_ yxZ 2  Rtg;cMnuc )1,1(P . 
10-GaMgetRkalénDIepr:g;Esülsrub   
k> lkçxN½ÐénDIepr:g;Esülsrub ³ 
kenSam  dyyxQdxyxP ).,().,(   CaDIepr:g;EsülsrubénGnuKmn_kMnt;eday  

),( yxfU  Edl ),(,),( yxQyxP CaGnuKmn_Cab;kñúgEdnkMnt;rYm D  
luHRtaEt nigRKan;EtvabMeBjlkçx½NÐ  

y

yxP

x

yxQ







 ),(),(  . 

]TahrN_ ³ cUrbgðajfakenSam dyyyxdxxyx )56()4( 42234   
CaDIepr:g;EsülsrubénGnuKmn_mYy rYckMnt;rkGnuKmn_enaH . 
x> krNIGnuKmn_manbIGefr ³ 
kenSam dzzyxRdyzyxQdxzyxP ).,,(),,(),,(   CaDIepr:g;srubén 
GnuKmn_ ),,( zyxfU   luHRtaEtvabMeBjlkçx½NÐ  ³ 

x

Q

z

P

z

Q

y

R

y

P

x

Q






















,,   . 

]TahrN_ ³bgðajfakenSam dzyzdyxzdxyx )12()3()133( 22   
CaDIepr:g;EsülsrubénGnuKmn_mYy rYckMnt;rkGnuKmn_enaH . 
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11-GaMgetRkaltamExSekagénDIepr:g;Esülsrub   
rUbmnþjÚtun-Libnic ³ 
ebIkenSam  dyyxQdxyxP ).,().,(   CaDIepr:g;Esülsrub 
énGnuKmn_kMnt;eday ),( yxfU  Edl ),(,),( yxQyxP CaGnuKmn_Cab;elI 
ExSekag )(L BIcMnuc ),( 111 yxM  eTAcMnuc ),( 222 yxM enaHeK)an ³ 

),(),(

).,().,().,().,(

1122

),(

),()(

22

11

yxUyxU

dyyxQdxyxPdyyxQdxyxP
yx

yxL



   

]TahrN_ ³ KNnaGaMgetRkaltamExSekagxageRkam ³ 
 

)(

42234 ).56()4(
MN

dyyyxdxxyxI  Edl )0,3(,)1,2( NM   . 
12-edrIevénGnuKmn_GaMBøIsIut   
k> krNIGefrEtmYy 
RbsinebIsmIkar 0),( yxf  EdlGnuKmn_ ),( yxf  CaGnuKmn_man 
DIepr:g;EsüleFobnwg yx ,  .eKkMnt; y CaGnuKmn_én x  . dUcenHedrIevén 
GnuKmn_enH [eRkamTRmg;GaMBøIsIut CamYynwglkçxN½Ð 0),(' yxf y  
tamrUbmnþ   

),('

),('

yxf

yxf

dx

dy

y

x  . 

]TahrN_ ³ cUrKNna 
2

2

,
dx

yd

dx

dy  ebI  01)(3)( 22322  yxyx  . 
x> krNIGefreRcIn 
dUcKñaEd ebIsmIkar 0),,( zyxF  EdlGnuKmn_ ),,( zyxF  CaGnuKmn_man 
DIepr:g;EsüleFobnwg zyx ,,  .eKkMnt; z CaGnuKmn_én yx,  .  
dUcenHedrIevénGnuKmn_enH [eRkamTRmg;GaMBøIsIut CamYynwglkçxN½Ð  

0),,(' zyxf z   tamrUbmmnþxageRkam ³ 
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zyxF
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   . 

müa:geTotedIm,IrkDIepr:g;EsülénGnuKmn_ z  BIsmIkar 0),,( zyxF  
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dz
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F
dx
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F   . 

]TahrN_ ³ KNna 
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,  Edl 032 222  yyzzyx  . 

13-bøg;b:H nwg nrm:al;eTAnwgépÞmYy   
k> smIkarénbøg;b:H nwg nrm:al;kñúgkrNIEdlépÞeGaytamsmIkarGiucBøIsIut ³ 
RbsinebIsmIkarénépÞkñúgkUGredaenctuekaNEkg[eRkamTMrg; ),( yxfZ   
Edl ),( yxf CaGnuKmn_manDIepr:g;Esül . 
-smIkarbøg;b:HRtg;cMnuc ),,( 0000 zyxM  énépÞ ),( yxfZ  kMnt;eday ³ 

))(,('))(,(' 0000000 yYyxfxXyxfzZ yx   . 
-smIkarnrm:al;Rtg;cMnuc ),,( 0000 zyxM  énépÞ ),( yxfZ  kMnt;eday ³ 
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 . 

]TahrN_ ³ cUrbegáItbøg;b:H nig nrm:al;énépÞ 2
2

2
y

x
z  Rtg; )1,1,2( M   

x> smIkarénbøg;b:H nwg EkgkñúgkrNIEdlépÞeGaytamsmIkarGaMBøIsIut ³ 
RbsinebIsmIkarénépÞkñúgkUGredaenctuekaNEkg[eRkamTMrg; 0),,( zyxF  
nig 0),,( 000 zyxF  . 
smIkarbøg;b:³ nig nrma:l;kMnt;erogKñaeday ³ 
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0
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lMhat;Gnuvtþn_ 
!> cUrkMnt; nig tagEdnkMnt;énGnuKmn_xageRkam ³ 
k> 221 yxZ    x> 

224

1

yx
Z


  

K> 2221 zyxZ   X>
2224

1

zyx
Z


  

g> *,,,1
2

2

2

2

2

2

IRcba
c

z

b

y

a

x
Z    . 

@> cUrsg; lIjénnIv:Urbs;GnuKmn_xageRkam ³ 
k> yxZ   x> xyZ   
K> 

2x

y
Z   X> 22 yxZ   

g> 
94

22 yx
Z   

#> cUrKNnaDIepr:g;EsülsrubénGnuKmn_xageRkam ³ 
k> xyyxZ 333   x> 52 yxZ   
K> 

22

22

yx

yx
Z




  X> 
z

y

x
xyZ 








  

g> 







2
arctan

z

xy
Z  c> 222 zyxZ   

$> cUrKNna 
dt

dz  ebI tyex
y

x
z t ln,,    . 

%> cUrKNna 
dt

du  ebI  22 1,3,sinln tytx
y

x
u 










  . 

^> cUrKNna 
dt

du  Edl hztrytrx
yx

z
u 


 ,sin,cos,

22
  . 

&> cUrKNna  
dx

dz

x

z
,


   ebI  2, xy

x

y
arctgz     . 

*> eKmanGnuKmn_ ),( vufW   Edl btyvatxu  ,   . 
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y
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x

y
xxyZ   
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   . 

!0> eK[  )(.
2

2

2 y

x

y yeeZ   .  
cUrRsayfa  xyz

y

z
xy

x

z
yx 








 )( 22   . 
!!> cUrKNnaedrIevénGnuKmn_ 22 2yxyxz   Rtg;cMnuc )2,1(P  kñúgTisbegáIt 
CamYyGkS½ OX  nUvmMu 60  Pa¢b;eTAcMnuc )2,1(P  . 
!@> cUrKNna Zgrad

  Rtg;cMnuc )1,2(P  ebI  xyyxZ 333   . 
!#> cUrKNna Zgrad

  Rtg;cMnuc )3,5(P  ebI  22 yxZ   . 
!$> cUrKNna Zgrad

  Rtg;cMnuc )2,2,1(P  ebI  222 zyxZ   . 
!%> cUrKNna 

2

22

2

2

,,
y

z

yz

z

x

z








  kñúgkrNInImYy²xageRkam ³ 

k> 
2

2

2

2

b

y

a

x
cz   x> )ln( 22 yxZ   

K> 22 yxyz   X> 











xy

yx
z

1
arctan  

!^> cUrbgðajfaGnuKmn_ 
x

y
u arctan  epÞógpÞat;smIkar LaplacexageRkam ³ 

      0
2

2

2

2









y

u

x

u   . 
!&> cUrbgðajfaGnuKmn_ xtaAtxu  sin).sin(),(  epÞógpÞat;smIkar 
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x
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!(> cUrkMnt;rkGnuKmn_ ),( yxfZ   EdlmanDIepr:g;EsülsrubxageRkam ³ 
k> dyyxdxyxdZ )2().2(   
x> xdyydxdZ   
K> dyyxdxyxxdZ )()3(cos 232   
X> dy

yx

yx
dx

yx

yx
dz

2222

22








  
g> dy

yx

y
dx

yx

x
dZ

2222 



  

@0> cUrkMnt;smIkarbøg;b:H nig nrm:al;eTAnwgépÞ 22 yxz   Rtg; )5,2,1( M . 
@!> cUrkMnt;smIkarbøg;b:H nig nrm:al;eTAnwgépÞ 0

8916

222


zyx  Rtg;  

cMnuc )4,3,4(M . 
@@> cUrsresrsmIkarbøg;b:H nig nrm:al;eTAnwgépÞEdlmansmIkar ³ 

03333  xyzzyx  Rtg;cMnuc )1,3,2( M  . 
@#> KNnaGaMgetRkal Curvilinear   xageRkam ³ 
k>  

)2,3(

)1,2(

)62()24( dyyxdxyxI  

x> dyyxyxdxyxyxI  
)1,2(

)2,1(

2222 )32()23(  

K> 



)1,2(

)2,1(

42234 )56()4( dyyyxdxxyxI  

X>  



































)1,1(

)0,0(
2222

dyx
yx

y
dxy

yx

x
I  

g>    
 

dyyxyxdxyxyxI .32.23
)4,3(

2,1

2222   

c> 





)6,3,2(

)0,0,0(
222 zyx

zdzydyxdx
I    . 
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I-niymn½y ³ 
 k>rMlwkGaMgetRkalkMnt; ³ 
 
 

 
 
 
 
 
 

EckGgát;  b,a  Ca n cMENkesμI²KñaedaycMnuc i.
n

ab
axi


  

Edl 
n
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xxx i1ii


   .  

plbUk imannRe  ³  



n

1i
ii x).x(f  yk ixmaxd   eK)an ³ 

   


b

a

n

1i
ii0d

dx).x(fx).x(flim  ¬ ebIlImItenHmanGtßiPaB ¦ . 
-RbsinebI 1b,0a   enaHeKman 

n

1
x,

n

i
x ii   eK)an ³ 

 















1

0

n

1i
n

dx).x(f)
n

i
(f

n

1
lim    . 

 

ax 0  bxn   

A B
)(:)( xfy   iM  
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ix  1ix  
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X
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x>bBaðakMnt;rkmaDkMnt;edayépÞ )y,x(fz   nigbøg; 0z   
kñúgEdn D elI )xoy( ³ 

 
 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
eKman ecollonnettVolumeS).y,x(f iii    
plbUkrIm:g;  

i
iii S).y,x(f  ehAfatémøRbEhlénmaDkMnt;edayépÞ )y,x(fz    

nigbøg; 0z  kñúgEdn D elI )xoy(  .  iSmaxd    

)y,x(fz   

Z  

X  

Y
O  

iii y.xS   

)y,x(f ii  

D
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eK)an    


DDi

iii0d
dxdy).y,x(fdS).y,x(fS).y,x(flimV  . 

II-GaMgetRkalkñúgkUGredaenrriuctg;KuyEl ³ 
k>sn μtfa  )x(y)x(,bxa/)y,x(D   
  
 
 
 
 
 

 







)x(

)x(

b

aD

dy).y,x(fdxdxdy).y,x(f   

x>snμtfa  )y(x)y(,dyc/)y,x(D    
 
 
 
 
 
 

 







)y(

)y(

d

cD

dx).y,x(fdydxdy).y,x(f  

)(xy   

)(xy   

D  

X

Y  

a  b  

)(yx   )(yx   

D

X  

Y  

c  

d  
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K>sMKal; ³ ebI  dyc,bxa/)y,x(D    
eK)an    

b

a

d

c

c

c

b

aD

dx).y,x(fdydy).y,x(fdxdxdy).y,x(f  . 

]TahrN_1 ³ KNna 
D

dxdy.xyI  EdlEdn DkMnt;eday 








xyx

1x0
2

 

eK)an 
24

1

6

x

4

x

2

1
dx).xx(

2

1
dx.

2

xy
dy.xydxI

1

0

64
53

1

0

1

0

x

x

2x

x

1

0 22


















   . 

]TahrN_2 ³ KNna  
D

dxdy)yx(I EdlEdnDkMnt;eday 








xyx

1x0
2

 

eK)an  









1

0

4
3

1

0

x

x

2x

x

1

0

dx).
2

x
x

2

x
xx(dx.

2

y
xydy).yx(dxI

22

 

    
10

3

10

x

4

x

4

x
x

5

2
1

0

542

2

5









  . 

X>lkçNH 
    

DD

dxdy)y,x(f.kdxdy).y,x(f.k/a  
    

21 DDD

dxdy)y.x(fdxdy)y,x(f.dxdy).y,x(f/b  Edl 21 DDD   . 
    

DDD

dxdy)y.x(gdxdy)y,x(f.dxdy)].y,x(g)y,x(f[/c  
III-rUbmnþbþÚrGefrkñúgGaMgetRkalDúb ³ 
k>bþÚrBIKUGefr )v,u()y,x(   
]bmafa )v,u(y,)v,u(x   

KNna Jacobien  )v,u(

v

y

u

y
v

x

u

x

J 













  

 
eK)an   

SD

dudv.|J|.)v,u(;)v,u(fdxdy).y,x(f  . 
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x>kUGredaenb:UEl ³ 
 
                      
 
eKbþÚrGefr  








sin.ry

cos.rx  

eKman rsinrcosr
cosrsin

sinrcos
y

r

y

x

r

x

J 22 

















  

dUcenH     rdrd.sinr,cosrfdxdy).y,x(f
SD

 . 
]TahrN_1 KNnaGaMgetRkal  

D

22 dxdy.yxI   
Edl  222 Ryx/)y,x(D   . 
kñúgkUGredaenb:UEleK)an ³ 

3

0

2
2

0

2

22

3

2

.)sin()cos(

Rdrrddrdr

rdrdrrI

R

S

S














 . 

]TahrN_2 ³ KNna 
D

xydxdyI  

Edl D  kMnt;edayGkS½kUGredaenén Astroide  ³ 











)
2

t0(tsinRy

tcosRx

3

3

 

]TahrN_3 ³ KNna 
D

ydxdyI  
Edl D  kMnt;edayGkS½Gab;sIus nigFñÚrmYyén Cycloid ³ 








)tcos1(Ry

)tsint(Rx  
]TahrN_4 ³ KNna 

D

2dxdyxyI  
Edl D  kMnt;eday)a:ra:bUl px2y2   nig bnÞat; px   . 

O  x

  

),( rM  

r  
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IV-Gnuvtþn_GaMgetRkalDúb ³ 
k>KNnamaDkMnt;edayépÞ )y,x(fz  nigbøg; 0z  kñúgEdnD elI )xoy(   
  

D

dxdyyxfV ).,(  . 
x>épÞRklarbs;Edn D  ³ 
  

D

dxdyS  
K>Gnuvtþn_kñúgrUbviTüa ³ 
]bmafa )y,x(  Cadg;sIuetén .Plaquette  
-ma:sén .Plaquette kMnt;eday 

S

dS.m   
-m:Um:g;sþaTiceFobnwgGkS½Gab;sIus  

S
ox dxdy).y,x(.yS  

-m:Um:g;sþaTiceFobnwgGkS½Gredaen  
S

oy dxdy).y,x(.xS  
-kUGredaenénTIRbCMuTMgn; ³ 
  

S

x
0

S

y

0 dxdy).y,x(y
m

1

m

S
y,dxdy)y,x(x

m

1

m

S
x  

-m:Umg; Inertie  nwgGkS½Gab;sIus  
S

2
x dxdy).y,x(yI  

-m:Umg; Inertie  nwgGkS½Gredaen  
S

2
y dxdy).y,x(xI  

-m:Umg; Inertie  nwgKl; O    
S

22
yxO dxdy).y,x()yx(III  . 

]TahrN_1  
cUrKNnam:Um:g;niclPaBeFobnwgGkS½Gab;sIusénbnÞHelah³GUm:UEhSnmYyEdl 
kMnt;edayFñÚr sIukøÚGIut )tcos1(ay,)tsint(ax  nigGkS½ )OX(  ? 
]TahrN_2 cUrKNnakUGredaenénTIRbCMuTMgn;énrUbkMnt;eday)a:ra:bUlBIr ³ 

4x2y:)P(and4x4y:)P( 2
2

2
1   . 
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lMhat;TI4 
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I>cUrKNnaGaMgetRkalDúbxageRkam ³ 
 1>  

2
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 2>  
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I-GaMgetRkalRTIbkñúgkUGredaenctuekaNEkg³ 
 GaMgetRkalRTIbénGnuKmn_ ),,( zyxf  kñúgEdn V tamniymn½yKWCalImItén 
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i j k
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III-karbþÚrGefrkñúgGaMgetRkalRTIb 
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bNþÚrGefrBIkUGredaen zyx ,,  eTAkUGredaen wvu ,,  Edl 












),,(

),,(

),,(
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I-niymn½y 
 k>smIkarDIepr:g;Esül ( Differential Equationns ) 
smIkarEdlmanTRmg;  0)y,.....,'''y,''y,'y,y,x(F )n(     ehAfasmIkarDIepr:g; 
EsüllMdab;TI n  .  
]TahrN_ ³ 03xsin2'yx''y 2  ehAfasmIkarDIepr:g;EsüllMdab;TImYYy. 
x>cemøIyrbs;smIkar  
GnuKmn_ )x(y  EdlepÞógpÞat;smIkar 0)y,.....,'''y,''y,'y,y,x(F )n(    
ehAfacemøIyrbs;smIkar . 
]TahrN_ ³ GnuKmn_ xsiny   CacemøIyrbs;smIkar 0y''y   
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sMKal; ³ cemøIyrbs;smIkar 0)y,.....,'''y,''y,'y,y,x(F )n(  GacmanTRmg; 

cetancons:C,0)C,y,x(   ehAfacemøIyTRmg;GaMBøIsIut . 
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0yx6'y)xy3(:)E( 2    ? 
II-smIkarDIepr:g;EsüllMdab;TImYy  

   ( First Order Differential Equationns ) 

 k>niymn½y 
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]TahrN_ ³  0x4xy2'y 32   CasmIkarDIepr:g;EsüllMdab;TImYYy. 
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x>smIkarDIepr:g;EsülGefrpþac; 
   (Separable Equationns ) 
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!> edaHRsaysmIkarDIepr:g;Esül  dyedx

1x

x2 y

2



 

eK)an  
dyedx

1x

x2 y

2
 

          Ce)1xln( y2   b¤ IRC,|C)1xln(|lny 2   . 
@> edaHRsaysmIkarDIepr:g;Esül  dy)y4y9y4(dx

x1

x 23

2



 

eK)an   


dy)y4y9y4(dx.
x1

x 23

2
 

          Cy2y3yx1 2342   
dUcenH   0Cx1y2y3y 2234   . 
#> edaHRsaysmIkarDIepr:g;Esül dy)ycosy(sindx.)xcotx(tan 22   

eKman 










y2sin1ycosycosysin2ysin)ycosy(sin
xsin

1

xcos

1
xcot2xtan)xcotx(tan

222

22

222

 

eK)an   dy)y2sin1(dx)
xsin

1

xcos

1
(

22
 

          Cy2cos
2

1
yxcotxtan   

dUcenH 0Cxcotxtany2cos
2

1
y   Edl IRC  . 
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K>smIkarDIepr:g;EsülGUm:UEsnlMdab;TImYy 
-smIkarDIepr:g;EsülEdlmanTRmg; )E(0dy)y,x(Qdx)y,x(P   
CasmIkarGUm:UEsn kalNaGnuKmn_ )y,x(P  nig )y,x(Q CaGnuKmn_GUm:UEsn 
EdlmandWeRkesμIKña . 
-smIkar )E(  CaTUeTAeKGacsresrCaTRmg;  )E(

x

y
f'y 1






  

-edIm,IrkcemøIyrbs;smIkarenHeKRtUvtagGnuKmn_  x'.uu'yx.uy   
smIkar )E( 1 Gacsresr  )u(fx'uu   eday 

dx

du
'u   

eK)an )u(f
dx

du
xu   naM[  

x

dx

u)u(f

du



 

eFIVGaMgetRkal   


C|x|ln
x

dx

u)u(f

du   Edl IRC    . 
]TahrN_ ³  
 edaHRsaysmIkar 0dy)xy2x(dx)y3xy2x( 222   
eK)an 

xy2x

y3xy2x

dx

dy
2

22




    edaytag x'uu
dx

dy
uxy   

eK)an 
u21

u3u21

ux2x

xu3ux2x
x'uu

2

22

2222








  eday 

dx

du
'u   

eK)an 
u21

u3u21

dx

du
xu

2




  b¤  
u21

uu1
u

u21

u3u21

dx

du
x

22








  
naM[   

x

dx
du

1uu

1u2
2




  

         
|Cx|ln|C|ln|x|ln|1uu|ln

x

dx
du

1uu

1u2

2

2







  

eKTaj Cx1uu 2   Et 
x

y
uuxy   

eK)an  Cx1
x

y

x

y
2

2

   naM[  IRC,0yxyx)1C( 22    . 
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X>smIkarDIepr:g;EsülTRmg; 











'cy'bx'a

cbyax
f'y  

- ebI 0b'a'ab
'b'a

ba
det   

edIm,IedaHRsaysmIkarenHeKRtUvtag byaxU    . 
-ebI 0b'a'ab

'b'a

ba
det    

  edIm,IedaHRsaysmIkarenHeKRtUvtag 00 yYy,xXx     
smIkarGacsresr 












'c)yY('b)xX('a

c)yY(b)xX(a
f'Y

00

00  

                     b¤   











)'cy'bx'a(Y'bX'a

)cbyax(bYaX
f'Y

00

00  

ebI 







0'cy'bx'a

0cbyax

00

00  enaHeKGacrkeXIjtémø 0x nig 0y  

kñúgkrNIenHsmIkarkøayCa 











Y'bX'a

bYaX
f'Y  

edaytag X.'UU'YX.UY   enaHsmIkarGacsresr ³ 























U'b'a

bUa
f

x.U'bX'a

X.bUaX
fX'.UU  eday 

dX

dU
'U   

eK)an 











U'b'a

bUa
f

dX

dU
.XU  b¤ 

X

dX

U
U'b'a

bUa
f

dU













  . 

]TahrN_  edaHRsaysmIkarDIepr:g;EsülxageRkam ³ 
!> 

1y4x2

4y2x
'y




  
@> 

1yx2

3y2x4
'y




  
#> 

5yx

1yx2
'y




  
$> 

2yx

6yx
'y
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g>smIkarDIepr:g;EsülTRmg; )x(Qy).x(P'y:)E(   
edIm,IedaHRsaysmIkarenHeKRtUvGnuvtþn_dUcteTA ³ 
-KuNGgÁTaMgBIr nwg   dx).x(P

e  eK)an ³ 
    dx).x(P

dx).x(Pdx).x(P

e).x(Qey)x(Pe'y  
-tagGnuKmn_  

dx).x(Pdx).x(Pdx).x(P

ey)x(Pe'y'UeyU  
eK)an 

dx).x(P

e).x(Q'U  naM[  IRC,Cdx.e)x(QU
dx).x(P






 
  

-eKTaj Cdxe)x(Qey
dx).x(Pdx).x(P






 
  

dUcenH    





 
dx).x(Pdx).x(Pdx)x(P

eCdxe)x(Qey     . 

]TahrN_  edaHRsaysmIkarDIepr:g;EsülxageRkam ³ 
!> xsinexy2'y

2x  
@> 2x3y

x

1
'y   

#> 
4

x
2

x1

xe
x3'y

3




  
c>smIkarDIEb‘nUyI IR,y).x(Qy).x(P'y:)E(    
edIm,IedaHRsaysmIkarenHeKRtUvGnuvtþn_dUcteTA ³ 
-EckGgÁTaMgBIrénsmIkarnwg y eK)an )x(Qy)x(Py'y 1    
-tag   y'y)1('UyU 1   b¤ 1,'U

1

1
y'y 


  

smIkarGacsresr  )x(QU).x(P'U
1

1



 

naM[  )x(Q)1(U).x(P)1('U   CasmIkarGacedaHRsay)an . 
]TahrN_   edaHRsaysmIkar  

22

3
3

)x1(

xy4
yx2'y


     . 
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Q>smIkarrIkkaTI ( Riccati Equations ) 

smIkarEdlmanrag )x(wy)x(vy)x(u'y 2   ehAfa Riccati Equations. 
edIm,IedaHRsaysmIkarenHeKRtUvGnuvtþn_dUcteTA ³ 
-rkGnuKmn_ yCacemøIyedayELkrbs;va 
-tag 

z

1
yy   Edl 0z   CaGnuKmn_RtUvrktamsmIkarlIenEG‘mYy. 

j>smIkarEkør:U ( Clairaut Equations ) 

smIkarEdlmanrag )'y(f'xyy   ehAfasmIkarEkør:U  
edIm,IedaHRsayrkcemøIysmIkarenHeKRtUvtag t

dx

dy
'y   . 

III-smIkarDIepr:g;EsüllMdab;TIBIr  
   ( Second Order Differential Equationns ) 

k>niymn½y 
smIkarEdlmanTRmg; 0)''y,'y,y,x(F   ehAfasmIkarDIepr:g;EsüllMdab;TI@> 
]TahrN_ ³  0x4xy2'y)1x(''y 32   CasmIkarDIepr:g;EsüllMdab;TIBIr. 
x>smIkarDIepr:g;EsüllIenEG‘lMdab;TIBIr  

smIkarTRmg; )x(fcy'by''ay)E(   ehAfasmIkarDIepr:g;EsüllIenEG‘ 
Edl c,b,a,0a   CacMnYnBitefr . 

/a ebIGnuKmn_ 0)x(f   enaHsmIkarkøayeTACa ³ 
     IRc,b,a,0a,0cy'by''ay   
smIkarenHeKehAfaCasmIkarDIepr:g;EsüllIenEG‘GUm:UEsnlMdab;TIBIr . 
-smIkarsMKal; ³ 
smIkarsMKal;rbs;smIkarDIepr:g;Esül IRc,b,a,0a,0cy'by''ay   
CasmIkardWeRkTIBIrEdlmanrag 0cbrar 2   . 
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-cMelIysmIkarDIepr:g;Esül ³ 
edIm,IrkcMelIysmIkarDIepr:g;Esül IRc,b,a,0a,0cy'by''ay   
eKRtUvedaHRsaysmIkarsMKal; 0cbrar 2   . 
-ebI 0ac4b2   enaHsmIkarsMKal;manb¤sBIr 

1
r  nig 

2
r  

kñúgkrNIenHsmIkarDIepr:g;EsülmancMelIyTUeTACaGnuKmn_ ³ 
  xrxr 21 e.Be.Axfy   Edl IRB,A  . 

-ebI 0ac4b2  enaHsmIkarsMKal;manb¤sDub 
021

r
a2

b
rr   

kñúgkrNIenHsmIkarDIepr:g;EsülmancMelIyTUeTACaGnuKmn_ ³ 
    xr0e.BAxxfy   Edl IRB,A  . 

-ebI 0ac4b2   enaHsmIkarsMKal;manrwsBIrCacMnYnkMpøicqøas;KñaKW 
 ir

1
 nig  ir

2
 . 

kñúgkrNIenHsmIkarDIepr:g;EsülmancMelIyTUeTACaGnuKmn_ 
    xe.xsinBxcosAxfy   Edl IRB,A  . 

/b ebIGnuKmn_ 0)x(f  enaHeK)an )x(fcy'by''ay)E(   
smIkarenHeKehAfaCasmIkarDIepr:g;EsüllIenEG‘minGUm:UEsnlMdab;TIBIr . 
edIm,IrkcemøIysmIkarenHeKRtUvGnuvtþn_dUcteTA ³ 
-rkcemøIyBiess ymYyrbs;smIkar 
-eK)an )1()x(fcy'by''ay   nig )2()x(fyc'yb''ya   
-dksmIkar )2(&)1( eK)an 0)yy(c)'y'y(b)''y''y(a   
-tag yyZ   eK)an 0cz'bz''az  CasmIkarDIepr:g;Esül 
lIenEG‘GUm:UEsnlMdab;TIBIr . 
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IV-smIkarDIepr:g;Esülsrub nighVak;Tr½GaMgetRkal 

k>smIkarDIepr:g;Esülsrub 
]bmafamansmIkar  )1(0dy)y,x(Qdx)y,x(P   
ebIeKman 

x

)y,x(Q

y

)y,x(P







  enaHsmIkar )1( GacsresreRkamTRmg; ³ 
0)y,x(dU   EdleKehAfasmIkarDIepr:g;Esülsrub . 

cemøIyTUeTArbs;smIkar )1(  KWCaGnuKmn_ IRC,C)y,x(U   . 
]TahrN_  edaHRsaysmIkarxageRkam ³ 
!>  0dy)y4yx6(dx)xy6x3( 3222   
@> 0dy)yyx3(dx)2xy3x( 2223   
#> 0dy)y8yx3yx2(dx)xy2yx3x4( 32233223   
x>hVak;Tr½GaMgetRkal 
]bmafamansmIkar  )1(0dy)y,x(Qdx)y,x(P   
ebIeKman 

x

)y,x(Q

y

)y,x(P







   enaHeKnwgGacrkGnuKmn_ )y,x(  mYyEdl 
kMnt;[   dUdy)y,x(Qdx)y,x(P)y,x(   eKfa )y,x( CahVak;Tr½GaMg- 
etRkal EdlkMnt;[     )y,x(Q)y,x(

x
)y,x(P)y,x(

y







  . 

cMeBaHGnuKmn_ )y,x( eKGacrktamBIrkrNI ³ 
!>  )x(F

x

P

y

P

Q

1














  enaH  )x(  

@> )y(G
x

P

y

P

P

1














 enaH  )y(  

]TahrN_  edaHRsaysmIkar 0dy)yx(dx)
3

y
yxxy2( 22

3
2   ? 
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1> edaHRsaysmIkarDIepr:g;EsülxageRkam ³ 

!> 3xxy2'y   ^> 2x8y2'y2''y   
@> 1y

x

1x2
'y

2



  &> x3ey'y2''y   

 #> xcosxsinxcosy'y   *> x2siny2'y''y   
 $> xlnxyy'xy 2  xe)3x2(y4''y.9   
%> xcos'yy   xcosey''y.10 x2  

2> edaHRsaysmIkarDIepr:g;Esül ³ 
!> 

5y6x2

y3x
'y




  ^> xsinx2y''y   
 @>

3yx

7y2x3
'y




   &> x2siney4''y x2  
#> 0dy)y2x(dx)yx(                   *> x3cos3x2sin2y4''y   
 $> 0xydy2dx)x2yx( 22              (> yxe''y x   
 %> 0dy

y

x3y

y

xdx2
4

22

3



                     !0> )e1(xy9''y x   

3> edaHRsaysmIkar 
 !> 

24

2

y1

ydy
dx

1x

1x





  

 @>   dy.ycosysine
1x

dx 2y

4



 

 #> dy4xxydx)y1)(1x2( 2425   
 $>  dyx1ydxy1x 4347   
 %> dydxxtany   
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mm::aaRRTTIIss  
((  MMAATTRRIICCEESS  ))  

!!>>  vvii uuccTTrr ½½  ³³  
          nn iiyymmnn½½yy  ³ sMNMumYyman n cMnYnBiterobtamlMdab;mYykMnt; n21 a.....,,a,a  
ehAfaviucTr½ n DIm:g;süúgEdleKkMnt;sresr ³ 

 n321 a....,,a,a,aA   b¤  
























n

3

2

1

T

a

...

a

a

a

A   Edl ia  ehAfakMub:UhSg;TI i  . 

]TahrN_ eK[  225,125,75,45,35,25A   CaviucTr½man ^ DIm:g;süúg . 
@@>>  nniiyymmnn½½yymm::aaRRTTIIss  
taragmYyEdlman m viucTr½ nig n DIm:g;süúgkMnt;sresrkñúgvg;RkckCarag ³ 


























mn3m2m1m

n3333231

n2232221

n1131211

mnij

a.....aaa

a.....aaa

a.....aaa

a.....aaa

)a(A   ehAfam:RTIslMdab; n.m  . 

:m ehAfacMnYnlIj :n, ehAfacMnYnkUeLan nig ija CaFatuenAelIlIjTI i  
kUeLanTI j. 
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]TahrN_ eK[ 
























783

914

127

461

352

A  Cam:aRTIslMdab; 35  . 

##>>  RRbbeePPTTéénnmm::aaRRTTIIss  
  aa  //  ZZeerroo  mmaattrriixx  ::  

ma:RTIsTaMgGs;EdlmanFatuTaMgGs;esμIsUnü ehAfam:aRTIssUnü tageday 
mnO . 

]TahrN_ 
























0000

0000

0000

0000

0000

A  ehAfam:aRTIssUnülMdab; 45  . 

 bb  //  SSqquuaarree  mmaattrriixx  ::  

m:aRTIsmYyEdlmancMnYnlIjsμInwgcMnYnkUeLanehAfa m:aRTIskaer 

EdleKkMnt;sresr ³ 

























nn3n2n1n

n3333231

n2232221

n1131211

nnij

a.....aaa

a.....aaa

a.....aaa

a.....aaa

)a(A   

]TahrN_ 




















3184

4521

2403

0372

A  ehAfam:aRTIskaer . 

 cc  //  TTrriiaanngguullaarr  mmaattrriixx  ::  

m:aRTIskarmYyEdlmanFatu jiorji,0a ij    ehAfa m:aRTIsRtIekaN 
EdleKkMnt;sresr ³  
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nn

n333

n22322

n1131211

nnij

a.....000

a.....a00

a.....aa0

a.....aaa

)a(A   

]TahrN_  




















5000

8400

6170

9352

A  ehAfama:RTIsRtIekaN . 

 
 dd  //  DDiiaaggoonnaall  mmaattrriixx  ::  

m:aRTIskaermYyEdlmanFatu ji,0a ij  ehAfa m:aRTIsGgát;RTUg  

EdleKkMnt;sresr ³ 

























nn

33

22

11

nnij

a.....00

0.....a00

0.....0a0

0.....00a

)a(A  . 

]TahrN_  
























30000

07000

00500

00010

00004

A  ehAfam:aRTIsGgát;RTUg . 

 
  ee  //  IInnddeennttiittyy  mmaattrriixx  ::  

m:aRTIsGgát;RTUgEdlmanFatu  0a ii  ehAfa m:aRTIsÉkta  

EdleKkMnt;sresr ³ 

























1.....000

0.....100

0.....010

0.....001

)a(I nnijn   . 
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]TahrN_  




















1000

0100

0010

0001

I   ehAfam:aRTIsÉkta . 

 
  ff  //  TTrraannssppoossee  ooff  mmaattrriixx : 

m:aRTIsRtg;s,:Úénm:aRTIs mnij )a(A   KWCam:aRTIsEdltageday  nmji

T )a(A   
. 

]TahrN_ ebI 

















74

52

31

A    naM[  









753

421
AT     . 

 
 gg  //  EEqquuaalliittyy  ooff  mmaattrriixx  ::  

m:aRTIs mnij )a(A     nig mnij )b(B   Cam:RTIsBIres μIKñakalNaFatu  ijij ba   . 
eK[m:aRTIsBIr 












2z32y3x2

3c25b41a3
A   nig 










1085

997
B  

kMnt;cMnYnBit y,x,c,b,a  nig z  edIm,I[  BA   

eK)an BA   kalNa 






















102z3

82y

53x2

93c2

95b4

71a3

   naM[  

4z,6y,4x,3c,1b,2a   
 

$$>>  RRbbmmaaNNvviiFFIIéénnmm::aaRRTTIIss  
  aa  //  AAddddiittiioonn  ooff  mmaattrriicceess  ::  

-ma:RTIsBIrGacbUk b¤ dkKña)an kalNavaCam:aRTIsmanlMdab;dUcKña . 
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-snμtfaeKmanma:RTIsBIr  mnij )a(A   nig mnij )b(B   
eK)anrUbmnþplbUk    mnijij baBA   nigpldk   mnijij baBA   

]TahrN_ eK[m:aRTIs 


































465015

351421

831023

B,

757168

572534

951117

A  

eK)an 






































12112183

923655

1882140

467550711568

355714252134

839510112317

BA   

nig     






































292153

221113

1216

467550711568

355714252134

839510112317

BA  

 
    
  bb  //  SSccaallaaiirr  mmuullttiipplliiccaattiioonn;;  

plKuN ma:RTIs  
mnijaA   nwgcMnYnefr   KWCam:aRTIskMnt;eday 

 ija.A.   

]TahrN_ ³ ebI 

















647

794

435

A   eK)an  

















422849

496328

282135

A7  .  

  cc  //  MMuullttiipplliiccaattiioonn  ooff  mmaattrriicceess::  

ma:RTIsBIrGacKuNKña)anluHRtaEtm:aRTITImYymancMnYnkUeLanesμInwgcMnYnlIjén 
m:aRTIsTIBIr .  ]bmafaeKmanma:RTIsBIr ³  

mnijaA  nig   npijbB   
plKuNma:RTIs A nig B KWCam:aRTIs C  kMnt;eday   

mpijcB.AC   
Edl   njinj33ij22ij11i

n

1k
kjikij ba.....bababab.ac 



 . 

]TahrN_ ³ eK[m:aRTIs  


































53

42

31

B,

372

451

924

A  
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eK)an 






















































5.34.73.23.32.71.2

5.44.53.13.42.51.1

5.94.23.43.92.21.4

53

42

31

.

372

451

924

B.AC  

dUcenH   

















4925

4323

6535

C  . 

  
  dd  //  PPoowweerrss  ooff  mmaattrriicceess::  

ebI   
nnijaA   Cama:RTIskaerenaHeKkMnt;sV½yKuNénm:aRTIseday ³ 

!> 2P,*INp,A.AA.....,,A.AA,A.AA,A.AA 1pp34232    
@> pnpn AA.A   
#>   nppn AA   
$> n

0 IA    Edl nI  Cam:aRTIsÉkta . 
 
]TahrN_ ³ eK[m:aRTIs 










54

32
A  cUrKNna  2A  nig 3A  

eK)an 





































3728

2116

5.53.44.52.4

5.33.24.32.2

54

32
.

54

32
A.AA2  

nig  






































269204

153116

5.373.284.372.28

5.213.164.212.16

54

32
.

3728

2116
A.AA 23  

dUcenH  


















269204

153116
A,

3728

2116
A 32    .  

    
ee  //  PPrrooppeerrttiieess  ooff  mmaattrriixx  ooppeerraattiioonnss  

ebI C,B,A ma:RTIs nig  ,,  CabIcMnYnBitb¤sáaElenaHeKman  ³ 
!> ABBA   ^> C).B.A()C.B.(A   
@> C)BA()CB(A   &> C.AB.A)CB.(A   
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#> CBA)CBA(   *> C.BC.AC).BA(   
$> AAAA)(   (> A.BB.A   
%> AOAAO    !0> AA.II.A nn    

%%>>  eeddEETTmmIINNgg;;éénnmm::aaRRTTIIsskkaaeerr  
  aa  //  DDeetteerrmmiinnaanntt  ooff  oorrddeerr  22   

eK[ma:RTIslMdab; 22 kMnt;eday 









2221

1211

aa

aa
A  . 

edETmINg;énm:aRTIs A kMnt;eday  ³ 
21122211

2221

1211 a.aa.a
aa

aa
)Adet(|A|   . 

]TahrN_ ³ KNnaedETmINg;énm:aRTIs 









83

57
A    ? 

eK)an 4115565.38.7
83

57
)Adet(|A|   

dUcenH  41)Adet(|A|   . 
 
  bb  //  MMiinnoorrss    aanndd  CCooffaaccttoorrss  ::  

eK[ma:RTIskaer nnij )a(A   . 
 Minor énFatu  ija  CaedETmINg;énm:aRTIsEdlbnÞab;BIlublIjTI i  
nigkUeLanTI jecj EdleKkMnt;tag Minor énFatu  ija  eday ijM  . 
 Cofactor énFatu  ija kMnt;tageday ij

ji

ij M.)1(C   . 

]TahrN_³ eK[ma:RTIs 

















869

735

412

A  cUrKNnamINr½nigkUhVak;Tr½énFatu 

21a ? 
eK)an  16248

86

41
M21   nig 1616.)1(C 12

21   . 
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cc  //  DDeetteerrmmiinnaanntt  ooff  oorrddeerr  33   

eK[ma:RTIslMdab; 33 kMnt;eday 

















333231

232221

131211

aaa

aaa

aaa

A  

edETmINg;énm:aRTIs A kMnt;eday³ 

 131312121111

333231

232221

131211

CaCaCa

aaa

aaa

aaa

)Adet(|A|   . 

dd  //  DDeetteerrmmiinnaanntt  ooff  oorrddeerr  nn    

eK[ma:RTIskaer  
nnijaA   . edETmINg;énm:aRTIsenHkMnt;tageday ³ 

 



n

1k
ikikinin3i3i2i2i1i1i C.aCa........CaCaCa)Adet(|A|   

 



n

1k
ikikinin3i3i2i2i1i1i C.aCa........CaCaCa)Adet(|A|  

^̂>>  ssmmIIkkaarréénnmm::aaRRTTIIss  
aa  //  MMaattiixx  CCooffaaccttoorrss  ::  

ma:RTIskUhVak;Tr½énm:aRTIskaer  
nnijaA  KWCam:aRTIskMnt;eday  

nnijCC   
Edl ij

ji

ij M.)1(C    .  
  
bb  //  AAddjjooiinntt  MMaattiixx    ::  

ma:RTIs intAdjo  énm:aRTIskaer 
 

nnijaA  KWCam:aRTIsRtg;s,:Úénm:aRTIskUhVak;Tr½ 
énm:aRTIskaer  

nnijaA   EdleKkMnt;sresr   TC)A(Adj   . 
cc  //  mm:: aaRRTT IIsseeTTaall  ³³  
EdlehAfam:aRTIseTalKWCam:aRTIskaerEdlmanedETmINg;esμIsUnü . 

]TahrN_ ³ cUrbgðajfa  

















987

654

321

A  Cam:aRTIseTal . 
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dd  //  IInnvveerrss  ooff    MMaattiixx    ::  

ebI A minEmnCama:RTIseTalenaH cMras;énma:RTIskaer  
 

nnijaA  Cam:aRTIsEdl 
tageday 1A  nigepÞógpÞat; n

11 IA.AA.A    . 

]TahrN_ ³ eK[ma:RTIs  





















531

532

211

A  . 

cUrepÞógpÞat;fama:RTIsRcas; )inversesMatrix( énm:aRTIs A kMnt;eday ³ 























123

135

110

A 1     ..  

ee  //  rr UUbbmmnnþþkk MMnntt;; rrkkmm:: aaRRTT IIssRRccaass;;  ³³  
  )A(Adj

|A|

1
A 1    

ff  //  rr UUbbmmnnþþ rrkkmmaa :: RRTT IIssRRccaass;;éénnmm:: aaRRTT IIsskkaaeerrllMMddaabb;;  22   ³³  

ebIeKman   




















 

ac

bd
.

bcad

1
A

dc

ba
A 1   . 

]TahrN_ ³ cUrrkm:aRTIsRcas;énm:aRTIs  







65

87
A     ? 

gg  //  ssmmIIkkaarrmm:: aaRRTT IIss  ³³  

]bmafaeKmanm:aRTIsbI X,B,A   Edl 0)Adet(   . 
TMnak;TMng  BX.A    ¬ehAfasmIkarm:aRTIs ¦ 
ebIeyIgKuNGgÁTaMgBIrénsmIkarnwg 1A  eK)an ³ 

B.AX.A.A 11     eday  IA.A 1    nig  IX.I   Edl ICam:aRTIsÉkta  
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dUcenH  B.AX 1   . 
&&>>  RRbbBBnn½½ ææssmmIIkkaarrllIIeennEEGG‘‘  ³³  
kk--nniiyymmnn½½yy  ³³  
 RbBn½æman n  smIkarlIenEG‘man n GBaØatEdlmanTRmg;Ca ³ 





















nnnn33n22n11n

3nx3333232131

2nn2323222121

1nn1313212111

bxa...........xaxaxa

bxa..........xaxaxa

bxa..........xaxaxa

bxa..........xaxaxa

:)S(  

ehAfaRbBn½æsmIkarlIenEG‘man n  GBaØat nig n smIkar . 
xx--cceemmøø IIyyRRbbBB½½nn ææssmmIIkkaarrllIIeennEEGG‘‘  ³³  
ebIsinCaeKtag  










































































n

3

2

1

4

3

2

1

nn3n2n1n

n3333231

n2232221

n1131211

b

.....

b

b

b

Band

x

....

x

x

x

X,

a.....aaa

a.....aaa

a.....aaa

a.....aaa

A  

RbB½næsmIkar )S( GacsresreRkamTRmg;smIkarm:aRTIs BX.A   . 
ebI  0)Adet(    eKTaj)an  B.AX 1    . 
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lMhat;TI1 

eK[m:aRTIs  
























47215

13410

21324

20131

14312

)a(A ij  

k-cUrbBa¢ak;RbePT nig lMdab;énm:aRTIs A  . 
x-cUrkMnt;témøénFatu 43523425 a,a,a,a  . 
K-cUrsresrFatuTaMgGs;EdlenAelIGgát;RTUgBiess . 
dMeNaHRsay 
k-ma:RTIs A  Cam:aRTIskaerlMdab; 55  . 
x-kMnt;témøénFatu ³ 
eK)an 4a,1a,1a,2a 43523425   . 
K-FatuenAelIGgát;RTUgBiessman ³ 

4a,3a,3a,3a,2a 5544332211   . 
lMhat;TI2 
cUrkMnt;témø t,z,y,x  edIm,I[ 

















28

32

tlog2

ylne

3

z

x

 

eK)an  9t,3z,ey,2lnx

2tlog

82

3yln

2e

3

3

z

x



















  . 
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lMhat;TI3 
kMnt;rkm:aRTIs YandX   EdlepÞógpÞat; ³ 




















76

54
Y2X3and

97

53
YX  

dMeNaHRsay  
eKman )1(

1814

106
Y2X2

97

53
YX 

















  

nig   2
76

54
Y2X3 








   . bUksmIkar ¬!¦ nig ¬@¦ eK)an ³ 






































54

32
X

2520

1510

76

54

1814

106
X5  

ehIy 




































43

21

54

32

97

53
X

97

53
Y  

dUcenH  


















43

21
Yand

54

32
X   . 

lMhat;TI4 
edaHRsayRbBn½ætamm:aRTIs 








148y4x3

107y3x2  

dMeNaHRsay 
tag 




























148

107
B,

y

x
X,

43

32
A  

RbBn½æsmIkarGacsresr  B.AXBX.A 1  
tamrUbmnþ 





















 

ac

bd
.

bcad

1
A

dc

ba
A 1   

eK)an 






































23

34

23

34

23

34
.

3.34.2

1
A 1  

eK)an 








































25

16

)148(2)107(3

)148(3)107(4

148

107
.

23

34
X   

naM[ 25y,16x   . 
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lMhat;TI5 

edaHRsayRbB½nætamm:aRTIs 













9x5x3x

7x5x3x2

3x2xx

321

321

321

 

dMeNaHRsay 

tag 

























































9

7

3

B,

x

x

x

X,

531

532

211

A

3

2

1

 

eK)an  B.AXBX.A 1  

bnÞab;BIKNnaeK)an 



















123

135

110

A 1  

eKTaj 






































































4

3

2

9

7

3

.

123

135

110

x

x

x

3

2

1

 

dUcenH  4x,3x,2x 421   . 
lMhat;TI6 

eK[m:aRTIs  

















513

211

412

A  

k-cUrrkm:aRTIskUhVak;Tr½ C  énm:aRTIs A  
 rYcTajrk )A(Adj:MatrixintAdjo . 
x-KNnaedETmINg; |A|)Adet(   . 
K-Tajrkm:aRTIsRcas; 1A   énm:aRTIs A   )MatrixofInverse(  
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X-cUrTajbeBa©jcemøIyRbB½næ 












29z5yx3

13z2yx

23z4yx2

:)S(  

dMeNaHRsay 
k-rkm:aRTIskUhVak;Tr½ C nigm:aRTIsGahSg; )A(adj  

eKman 

















333231

232221

131211

CCC

CCC

CCC

C  

-rkkUhVak;Tr½énFatu 2a11   
 325

51

21
MM.)1(C 1111

11

11    

-rkkUhVak;Tr½énFatu 1a12   
 1)65(

53

21
MM.)1(C 1212

21

12    

-rkkUhVak;Tr½énFatu 4a13   
 231

13

11
MM.)1(C 1313

31

13    

-rkkUhVak;Tr½énFatu 1a 21   
 145

51

41
MM.)1(C 2121

12

21    

-rkkUhVak;Tr½énFatu 1a 22   
 21210

53

42
MM.)1(C 2222

22

22    

-rkkUhVak;Tr½énFatu 2a 23   
 1)32(

13

12
MM.)1(C 2323

32

23    

-rkkUhVak;Tr½énFatu 3a 31   
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 242
21

41
MM.)1(C 3131

13

31    

-rkkUhVak;Tr½énFatu 1a32   
 044

21

42
MM.)1(C 3232

23

32    

-rkkUhVak;Tr½énFatu 5a33   
 112

11

12
MM.)1(C 3333

33

33    

dUcenH  






















102

121

213

C   nig 






















112

021

213

C)A(adj T  . 

x-KNnaedETmINg; |A|)Adet(   
tamrUbmnþ 131312121111 CaCaCa|A|)Adet(   
                        1816)2(4)1(1)3(2   
dUcenH  1|A|)Adet(   . 
K-Tajrkm:aRTIsRcas; 1A   énm:aRTIs A    

tamrUbmnþeK)an    






















112

021

213

)A(adj
)Adet(

1
A 1  . 

 

X-TajbeBa©jcemøIyRbB½næ 












29z5yx3

13z2yx

23z4yx2

:)S(  

tag 



















































29

13

23

Band

z

y

x

X,

513

211

412

A  

RbB½næsmIkarGacsresrCa  B.AXBX.A 1  
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eday 






















112

021

213

A 1    ¬tamsRmayxagelI ¦ 

eK)an 



























































































4

3

2

291346

02623

581369

29

13

23

.

112

021

213

z

y

x

 

dUcenH  4z,3y,2x    . 
lMhat;TI7 

eK[m:aRTIs  



















4x87

6x4

321

A      Edl x  CacMnYnBit . 

cUrkMnt; x  edIm,I[ A  Kμanm:aRTIsRcas; ? 
dMeNaHRsay 
kMnt;cMnYnBit  x  
edIm,I[ A  Kμanm:aRTIsRcas;luHRtaEtvaCam:aRTIseTal mann½yfa 0)Adet(   
eK)an 

87

x4
.3

4x7

64
.2

4x8

6x
.1)Adet( 





  

                   
20x,5x0100x25x

x21968432x848x4x

21

2

2



  

dUcenH   20,5x   . 
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!>eK[m:aRTIs 









































6524

1721

4815

9372

Band

4675

1542

8214

7931

A  

k-cUrKNna BANandBAM   . 
x-cUrKNna  B2A3QandB3A2P   . 

@> eK[m:aRTIsBIr 


























453

432

341

Band
143

752
A  

cUrKNnaplKuNm:aRTIs B.A  . 

#> eK[m:aRTIs 






































423

152

381

Band

432

531

324

A  

cUrKNna  B.A  nig  A.B  . 
$> eK[m:aRTIs  










52

73
A  . 

cUrKNna  432 AandA,A   .  

%> eK[m:aRTIs 


















531

241

302

A     





















861

173

12914

B   

cUrKNnaplKuN B.A  .   

^> eK[m:aRTIs 





















531

532

211

A   


















123

135

210

B   

cUrKNnaplKuN B.A  . etIeKGacsnñidæan)andUcemþc?  
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&> eK[m:aRTIs 

















321

123

312

A  

k- kMNt;rkma:RTIsRtg;s,Ú: TA  énma:RTIs A  . 
x-KNnaplKuN TA.A  nig A.AT  . 

*> eK[m:aRTIs 

















412

023

341

A   

k-kMNt;ma:RTIskUhVak;Tr½ énma:RTIs A  . 
x-Tajrkma:RTIs  AAdj   . 

(>eK[m:aRTIs 

















072

430

201

A   

rkma:RTIsRcas;rbs;va . 

!0> eK[m:aRTIs 

















432

261

720

A   

k-kMNt;   AAdj  . 
x-kMNt;  1A   . 

!!> kMnt;rkm:aRTIsRcas;énm:aRTIs 




















2431

1220

1302

3102

A  . 

!@> eK[m:aRTIs 



























2324

1314
Cand

34

21
B,

dc

ba
A  

kMnt;cMnYnBit d,c,b,a  edIm,I[ CB.A   . 
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!#> eK[m:aRTIs  

















987

654

321

A  

cUrbgðajfa A  Cam:aRTIseTal rYcKNna 2A  nig 2T )A(  . 

!$> eK[m:aRTIs  


















31

52
B,

92

41
A  

k-cUrKNna  B.A,B,A 22  rYcTajrk 22 BB.A2A   . 

x-KNna  2)BA(andBA   

K-eRbobeFob  2)BA(   nig  22 BB.A2A   

!%> eK[m:aRTIs  









10

41
A  

cUreRbobeFob  442332 A.AandA.A,A.A,A.A  . 

!^> eK[m:aRTIs 











cossin

sincos
A  

k-cUrKNna 432 A,A,A  . 
x-Tajrk  *INn,An    . 

!&> eK[ma:RTIs  1,1,0IRd,c,b,a,

d000

0c00

00b0

000a

A 



















  

k-cUrKNna 432 A,A,A  . 
x-Tajrk  *INn,An    . 
K-KNnaplbUk n32 A.....AAAS    . 
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!*> eK[m:aRTIs  




















1000

3200

5140

3421

A  

k-KNna  2TT22T2 )A(A.A2A,)A(,A   
x-eRbobeFob  2TT22T )A(A.A2Aand)AA(   
!(-eK[ BandA  Cam:aRTIskaermanlMdab;dUcKña . 
ebI A.BB.A   cUrbgðajfa    nnn B.AB.A   . 

@0> eKmanm:aRTIs 





















531

532

211

A  

k-bgðajfa  






















123

135

110

A 1  

x-edaHRsaRbBn½ætamm:aRTIs 













9x5x3x

7x5x3x2

2x2xx

321

321

321

 

@!> edaHRsayRbBn½ætamm:aRTIs 












13x2x5x3

11x4x3x2

20x3x2x

321

321

321
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